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Interference phenomena in radiation of a charged particle moving in a system
with one-dimensional randomness
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This paper considers the interference contribution in the radiation generated by a charged particle moving
through a medium of randomly spaced parallel dielectric plates. For wavelengths much smaller than the photon
mean free path, there appears in the angular dependent radiation intensity an ‘‘enhanced backscattering’’ peak
in a cone with opening angleu in the regimep2u;g21, whereg is the Lorentz factor of the charged particle
in the medium.

PACS number~s!: 42.65.Wi
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I. INTRODUCTION

It is well known that a charged particle passing throug
stack of randomly spaced dielectric plates radiates elec
magnetic waves~see, for example, Ref.@1#!. The radiation is
caused by the scattering of the electromagnetic fi
~pseudophoton! of the charged particle from the inhomog
neities in the dielectric constant. In an earlier study one o
has shown@2# that, in analogy with three-dimensional ra
dom media@3#, multiple scattering of the electromagnet
field plays an important role. In that work only the diffusio
contribution was taken into account. At this level the a
proach is equivalent to the radiative transfer theory for lig
transport in, e.g., slab geometries; see Ref.@4# for a recent
review. On the other hand, interference effects are impor
when waves propagate in random inhomogeneous me
Anderson localization@5# and the enhanced backscatteri
peak @6# are manifestations of these effects. Other interf
ence effects show up in correlations and higher moment
the transmitted intensity. They were also reviewed in R
@4#.

In the present paper we want to investigate interfere
effects for radiation of a charged particle moving in a syst
with one-dimensional randomness.

II. FORMULATION OF THE PROBLEM

The system which we want to study consists of a stack
plates randomly spaced in a homogeneous medium. It is
venient to represent the dielectric constant as the sum o
average and fluctuating part

«~z,v!5«1« r~z,v!, ,« r~z,v!.50. ~1!

Here^...& means averaging over the randomz coordinates of
plates.

At an observation pointR far away from the system (R
@r ) the radiation tensor isI i j (R)5Eri (R)Er j* (R), whereEri
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is the electric radiation field. This tensor consists of thr
contributions. The first two are the single scattering and
diffusion contributions. They have already been studied i
previous paper@2#. In the present paper we shall focus on t
third one, the interference contribution.

For completeness we present the single scattering and
terference contributions without derivation. It was shown
Ref. @2# that the single scattering contribution to the radiati
intensity I 5(cR2/2)I i i (R) has the form

I 0~u!5
e2

2c

LzB~ uk02k cosuu!sin2 u

@g221sin2 uk2/k0
2#2

v2

k0
4c2 , ~2!

whereg5(12«v2/c2)21/2 is the Lorentz factor of the par
ticle in the medium.n is the unit vector in the direction o
the observation pointR, havingz componentnz5cosu. Fur-
thermore,k05v/v, k5vA«/c, while Lz is the system size
in the z direction.B is the correlation function of the dielec
tric constant, which is random in thez dimension

B~ uz2z8u!5
v4

c4 ,« r~z!« r~z8!.. ~3!

It was shown in Ref.@2# that in our situation its Fourier
transform reads

B~qz!5
v4

c4

4~b2«!2n sin2qza/2

qz
2 , ~4!

wheren is the concentration of plates in the system,b is their
dielectric constant, anda is their thickness. As seen from Eq
~2! at ak!1(B;const), the forward and backward intens
ties are equal. Whenak@1, for relativistic particlesk0
→k,g@1 the forward intensity (u'0) is significantly larger
than the backward intensity (u'p) because of the factorB.

Next we present the diffusion contribution@2# to the ra-
diation intensity

I D~v,u!5
5

2

e2g2

«c S Lz

l ~v! D
3 sin2 u

ucosuu
, ~5!
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where l;4k2/B(0) is the photon mean free path in thez
direction. Expression~5! is obtained in the weak scatterin
limit l! l !L and anglesklucosuu@1 Note that there is a
numerical inexactitude in Ref.@2#. A more precise approac
would be to solve the appropriate Schwarzschild-Mil
equation for the present problem. This could bring ove
prefactors of order unity@8,4#. For our present purpose w
shall not be interested in these effects.

It follows from Eqs.~2! and ~5!, that I D/I 0;(Lz / l )2@1.
This means that diffusion contribution is dominating t
single scattering part. As one could expect, the forward
backward intensities in the diffusion contribution are eq
to each other. Finally, we note the strong dependence of
diffusion contribution on the particle energy.

As was mentioned above, we have obtained expres
~5! in the Cherenkov limitk0→k. However, in order to sepa
rate the radiation caused by the fluctuations of dielectric c
stant from the Cherenkov one we believe that the condi
k0.k(vA«,c) is always satisfied. In principle, within th
plate an opposite conditionvAb.c can be satisfied. This is
possible because usually the average dielectric constant« is
smaller than the dielectric constant of the plateb. In this case
Cherenkov radiation can originate from each plate. Howe
the intensity of this radiation will be proportional to the tot
thickness of plates which is negligible compared to the s
tem size in thez direction. Note that all our three contribu
tions are proportional to the system size.

III. INTERFERENCE CONTRIBUTION

The interference contribution has the form

I i j
C~R!5

k2

16p2R2« E drdr 8B~r 2r 8!A0~rW !A0* ~r 8!

3E dr1dr2dr3dr4

3e2 ikn~r12r2!PC~r1 ,r2 ,r3 ,r4!G~r3 ,r !

3G* ~r 8,r4!@d ẑid ẑj1ninjnz
22d ẑinjnz2d ẑjninz#,

~6!

wherePC can be represented diagramatically as

~7!

The solid line denotes the averaged Green’s function and
dotted one denotes the correlation function of the rand
dielectric constant. In the independent scatterer approxi
tion the averaged Green’s function has the form

G~qW !5
1

k22q21 i Im S~q!
, ~8!

where the imaginary part of the self-energy ImS(q) is deter-
mined self-consistently by the Ward identity
ll
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Im S~q!5E dp

~2p!3 B~p!Im G0~q2p!5
1

4Ak22qr
2

3@B~ uqz2Ak22qr
2u!1B~ uqz1Ak22qr

2u!#,

uqru,k. ~9!

HereB(p)5(2p)2d(pr)B(upzu), wherepr is the transverse
component ofp. As mentioned above, the observation po
is far away from the radiating system. For this reason, us
Eq. ~8!, one can obtain the following useful relations for ba
(Im S→0) Green’s function:

G0~R,r !'2
1

4pR
eik~R2nr !,

]2G0~R,r !

]Ri]z
'

k2ninz

4pR
eik~R2nr !, R@r .

~10!

We shall need relations~8!–~10! for the calculation of the
interference contribution. The background potential appe
ing in Eq. ~6! has the form@2#

A0~q!52
8p2e

c

d~qz2v/v !

k22q2 . ~11!

As follows from Eq.~7!, due to time-reversal invariancePC

is related to the diffusion propagator in the following mann
~see, for example, Refs.@7,8#!:

PC~r1 ,r2 ,r3 ,r4!5P~r1 ,r4 ,r3 ,r2!. ~12!

SinceP(r1 ,r2 ,r3 ,r4) is the sum of ladder diagrams@2#, the
diffusion propagator can be represented in the form

P~r1 ,r2 ,r3 ,r4!5B~r12r2!B~r32r4!P~R8,r12r2 ,r32r4!,
~13!

whereR851/2(r31r42r12r2) and P has the limiting be-
havior

P~K→0,p,q!5
Im G~p!ImG~q!

Im S~q!
A~K !, ~14!

where

A~K !5
60p

kl2
1

3Kz
212Kr

2 . ~15!

@Notice that in Eq.~41! of Ref. @2# there occurs a misprint in
the numerical factors ofA(K ).# In our previous paper@2# we
investigated the special caseKr50, which was sufficient for
studying the diffusion contribution. Using Eqs.~12! and~13!
and changing the variables of integration by formulas

x15r12r4 ,x25r32r2 ,R85
1

2
~r31r22r12r4!,r4[r4

~16!

we find from Eq.~6!
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I C~n!5
~12nz

2!ck2

32p2«

3E drdr 8B~r 2r 8!A0~r !A0* ~r 8!E dx1dx2dR8dr4

3exp$ iknW •@RW 2~xW11xW2!/2#%

3P~R8,x1 ,x2!B~x1!B~x2!

3GS R81
x11x2

2
1r42r DG* ~r 82r4!. ~17!

In the Fourier representation one finds from Eq.~17!

I C~n!5
~12nz

2!ck2

32p2« E dqdq1dq2dK

~2p!12

3B~q!uA0~2kn2K2q!u2B~q1!B~q2!

3PS K ,k,n1
K

2
2q1 ,kn1

K

2
2q2D uG~kn1K !u2.

~18!

Substituting Eqs.~8!, ~11!, and~14! into Eq.~18!, taking into
account that the main contribution in the integral overK
come from the regionK→0, and sequentially integrating Eq
~18! using the Ward identity~9!, we find from Eq.~18!

I C~n!5
10pe2Lzunzu~12nz!

2B~ uk cosu1k0u!
«cl

3E dK

~2p!3

1

~3Kz
212Kr

2!@~K r1knr!21k0
2g22#2 .

~19!

Note that for ak@1 one getsB(2k)/B(0);1/k2a2!1. It
follows from Eq.~19! in the Cherenkov limitk→k0 that the
backward intensity (u'p) is significantly larger than the
forward intensity (u'0). This is the main characteristic fea
ture of the interference contribution. It is analogous to
enhanced backscatter peak which occurs in propagatio
light in the randomly inhomogeneous media@6#. However,
there are essential differences. As is seen from Eq.~19!, the
s

d

e
of

angular width of the peak is of orderl/2pa, wherea is the
thickness of the plates, while in the case of diffuse lig
propagation it is of orderl/ l , wherel is the mean free path
Then the peak disappears in the ‘‘white noise’’ka!1 case.
Considering angles sinu@l/2pLr and calculating the inte-
gral overK in Eq. ~19! we have

I C~u!5
5& arctan&

2p«

e2

c

Lz

l 2 B~ uk cosu1k0u!

3
sin2 uucosuu

@k2 sin2 u1k0
2g22#2 . ~20!

For obtaining Eq.~20! we cut off the integral overK at an
upper limit equal to 1/l . In the optical region the ratio
l/2pLr is of order;102421025. Therefore the condition
sinu@l/2pLr is always satisfied in the optical region. Com
paring Eq.~20! with the single scattering contribution Eq.~2!
we see thatI C/I 0;1/(kl)2!1.

The interference contribution, though small, has quite d
ferent angular dependence. Accounting for the form of
correlation functionB of Eq. ~4!, it follows from Eq. ~20!
that the maximum of the radiation intensity for relativist
particles havingg@1, sok0→k, lies in the angular region
u;p2g21. These angles are very close to the backw
direction. On the other hand, the maximum of the sin
scattering contribution lies in the strongly forward range
small angles,u;g21.

So, by investigating the angular dependence of the ra
tion intensity for the angles close to the peak onep2u
;g21, it is possible to pick out the interference contributio
because the diffusion and single scattering contributions
not have any peculiarities at these angles.

IV. SUMMARY

We have considered the influence of interference effe
on the radiation of a charged particle passing through a s
of randomly spaced dielectric plates. It appears that the
terference contribution to the radiation intensity has a pea
the backward to particle motion direction. Though its val
is small compared to the single scattering and diffusion c
tributions, it can be investigated experimentally. This is p
sible due its specific angular dependence.
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